This article studied the use of diffusion models to describe variation of water quantity and sucrose quantity during osmotic dehydration of bananas cut into cylindrical slices. Bananas with radius of 1.7 cm and 18°Brix (on average) were cut into 1.0 cm of thickness. A solution was proposed for the diffusion equation in cylindrical coordinates using the finite volume method, with fully implicit formulation. The diffusion equation was discretized assuming diffusivities and dimensions with variable values for the banana slices. Boundary conditions of the third kind have also been considered. The osmotic dehydration experiments were conducted in binary solutions (water and sucrose) under conditions of 40 and 60°Brix and temperatures of 40 and 70°C. Mathematical modeling was proposed to describe the processes presented good results for water quantity and sucrose quantity, with good statistical indicators for all fits.
Introduction
Bananas are one of the most consumed agricultural products in the world. They are rich in potassium, magnesium, and vitamin C. However, the high moisture content of the fruit contributes toward a fast deterioration of the product. Water is responsible for metabolism of bacteria and fungi which promote the decomposition of organic matter. Therefore, when the intention is to store the product or produce new products from this, such as banana passes, drying becomes an important step of the processing. In view of the importance of the drying process, various techniques have been developed. [1, 2] However, in most cases, these techniques have a high energy cost, which increases product processing cost. According to Fernandes et al., [3] the energy used in the drying process represents a considerable amount of all energy used by the food industry. Moreover, low thermal efficiency ranges from 25 to 50%.
Osmotic dehydration is a viable alternative to remove part of the moisture in the product and thus, reduces energy consumption. In addition to reducing the cost of the drying process, this technique brings about further gains, such as superior final products (after conventional drying). The main features of the product are highlighted by Garcia et al. [4] These features refer to the osmotic dehydration and convective drying of pumpkins, in which osmotic dehydration causes reduction of darkening due to oxidation and acidity. They are also responsible for a decrease in the structural collapse during convective drying. As a result, the osmotic dehydration has been recommended by several authors. [3, [5] [6] [7] [8] [9] [10] [11] Several works are found in the literature, all related to osmotic dehydration of fruits. Only a few, however, include shrinkage in the descriptions of the process. [3, 5, 12, 13] Notwithstanding the fact that these studies have taken into account shrinkage, none of them considers the variation of water and solids diffusivities. Nevertheless, few authors have given descriptions of osmotic dehydration considering only the variable effective diffusivity, disregarding shrinkage. Porciuncula et al. [11] used a diffusion model, bearing in mind the geometry of a finite cylinder to determine the effective diffusion coefficient of water in banana (Prata variety) during osmotic dehydration. For modeling, only the variation of effective water diffusivity on cylindrical slices during the process was taken into account. Shrinkage was not considered. However, according to Silva et al., [14] to assume the variation of effective diffusivity without considering shrinkage may incur in a greater error than that of considering effective diffusivity constant. This is due to the fact that shrinkage modifies the internal structure of the product, thus affecting effective diffusivity.
Another important aspect of mass transfer in osmotic dehydration pertains to surface resistance of product mass flow. As a result, boundary condition becomes an important factor in model building, given that it can point to the surface resistance of the product so as to gain or lose mass. Monnerat et al. [15] have observed that the plasma membrane in the plant cell wall is indeed a semipermeable membrane that allows the passage of solvent; nevertheless, this membrane is more restrictive with respect to the passage of solutes. The main task of the convective mass transfer coefficient is to define the level of permission. Few studies, however, have considered boundary condition of the third kind to describe the mass transfer processes during osmotic dehydration. [16, 17] The aim of this article is to make a description of the osmotic dehydration process of banana slices considering some unusual cases found in the literature. In the modeling developed, the shrinkage of banana cylinders during the process, the variation of water and sucrose diffusivities, and the boundary condition of the third kind have been considered.
Material and methods

Mathematical modeling
In the present study, diffusion models are used to describe mass transfer in the banana osmotic dehydration process. Moreover, the following factors have been taken into account: the product bears the geometry of a finite cylinder, it shrinks and the mass diffusivities vary along the whole process. In order to consider the product's resistance to mass flow on its surface, a boundary condition of the third kind has been assumed.
Diffusion equation
Each banana sample was regarded as a finite cylinder with radius R and length L. In this case, the diffusion equation is given by: [18] 
where Φ represents water or sucrose quantity (%), as rules the case, Γ Φ represents effective mass diffusivity (water or sucrose), λ represents a transport coefficient (in this study λ ¼ 1), r and y are the position coordinates (Fig. 1b) and t is the time. In order to numerically solve the diffusion equation, Eq. (1), the following assumptions have been accepted:
• The finite cylinder has radius R and length L.
• The cylinder is homogeneous and isotropic.
• The spatial distribution of quantities of interest within the cylinder has radial and axial symmetries.
• Diffusion is the only mass transport mechanism within the cylinder.
• The cylinder radius and the length vary during diffusion.
• Effective mass diffusivities vary during osmotic dehydration, and the convective mass transfer coefficients remain constant.
Considering the hypothesis of symmetry, a two-dimensional domain is obtained as shown in Fig. 1a and 1b . Consequently, only half of the cylinder is analyzed, saving considerable processing time and computer memory.
Discretization of the diffusion equation
Equation (1) was discretized by applying the finite volume method [19] using a fully implicit formulation. By integrating Eq. (1) in space r P ΔθΔrΔy and in time Δt, we obtain the following semi-discretized equation (Eq. [2] ):
where the superscript "0" of the quantity of interest shows that this quantity may be assessed at the beginning of the time interval, the subscript "e," "w," "n," and "s" are, respectively, the east, west, north, and south interfaces; while P is the nodal point of the volume control.
Discretization for internal control volumes
Internal control volumes have no contact with external medium. They have four neighboring control volumes: one north, one south, one west, and one east, as shown in Fig. 1c . Considering the derivatives approaches with respect to interfaces north, south, east, and west for a uniform grid (Δy n ¼ Δy s ¼ Δy and Δr w ¼ Δr e ¼ Δr), we obtain the following discretized equation:
where
It is worth observing that Eq. (3) is an algebraic equation obtained by discretization of the partial differential equation given through Eq. (1). The dependent variable Φ for the control volume P is Φ P and for its neighbors to east, west, north, and south are Φ E , Φ W , Φ N , and Φ S , respectively. On the other hand, A P , A E , A W , A N , and A S , as well as B, are coefficients of the algebraic equation.
Discretization for the northeast control volume
The northeast control volume is in contact with the external medium to the north and east, and has neighboring control volumes to the west and south, as shown in Fig. 1d . In Fig. 1d , Φ e and Φ n are the values of the quantity of interest on the eastern and northern boundaries, respectively; and Φ 1e and Φ 1n represent the equilibrium quantity of interest in the external medium to the east and to the north, respectively. Considering the equality of convective and diffusive fluxes on the boundaries to the north and east, and the approaches of derivatives on the western and southern boundaries, we obtain:
with A W and A S given by Eqs. (6) and (8) . The parameters h n and h e are the convective mass transfer coefficients referent to the boundaries north and east, respectively. The discretization of the other seven types of control volumes is obtained analogously to those which have been presented so far. In this discretization, one should consider the zero fluxes to west and south. As the present study considers the variation of the product dimensions at every instant of time, the values of Δr and Δy are updated depending on the water or sucrose quantities (depending on each case).
Validation and numerical solution convergence
In the case of finite cylinder, the whole implicit formulation provides, at every time interval, a system of linear equations. To solve these linear system, we used the method TDMA-Gauss (Tridiagonal Matrix Algorithm-Gauss) Seidel combination. [19] This method was used to reduce the computational cost of the Gauss-Seidel method. The Gauss-Seidel method was used with a convergence tolerance of10
À8 . In order to validate the numerical solution, such solution was compared to an analytical solution. The validation process revealed that the results provided by the numerical solution were equivalent to those provided by the analytical solution.
Average value of the quantity of interest
At each time instant, the numerical solution gives the value of the quantity of interest at each nodal point. As the contributions to each volume control for the average value are not the same, the average value of quantity of interest, at every time instant, is obtained by calculating the weighted average:
where V P ¼ r P ΔθΔrΔy.
Parameter assessment Γ Φ
Considering the hypotheses to obtain the numerical solution, the diffusion equation was discretized assuming that the parameter Γ Φ may vary in relation to the local value of the quantity of interest, for example:
where a and b are coefficients of a function that fit the numerical solution to the experimental data, and are determined by optimization. Considering the discretization presented, one needs to know the parameter Γ Φ at the interfaces of all control volumes. In the case of value Γ Φ at the nodal points, this is calculated by means of Eq. (14), at every step of the optimization process. To calculate Γ Φ at the interface between the control volume P and E, for instance, the following expression is used: [19] 
In order to obtain the process parameters (a, b, h) using experimental datasets, an optimizer was coupled to the numerical solution. This optimizer was also used by Silva et al., [14] where initial values are assigned to the parameters, and then these are corrected in order to minimize the objective function (here, the chi-square function). The values of convective mass transfer coefficients h e and h n (Fig. 1d) were considered equal (h e ¼ h n ¼ h), since both surfaces are of the same kind and have been submitted to the same experimental conditions.
Experimental data on osmotic dehydration of bananas
The banana used in the osmotic dehydration experiments was the Manzano bananas. The fruit belongs to the AAB genomic group, acquired in the local market (Campina Grande PB, Brazil) at fourth stage of maturity: yellower than greener-according to the using Von Loesecke scale. [20] On being acquired, the bananas were kept at room temperature until they reached the last stage of maturation: yellow with brown areas.
Before starting the osmotic dehydration experiments, the fruits were washed in tap water, sanitized with chlorinated water for a period of 15 min. They were finally washed again with water and peeled manually. The fruits were then sliced in cylindrical pieces of approximately 1.0 cm in length and 1.7 cm in radius. The average moisture content of the samples was 3.090 (db). After being sliced, the samples were separated, weighed, and put in baskets, which were grouped in triplicate and, finally, labeled.
The solution used in the osmotic dehydration process was that of the binary type, distilled water and commercial sucrose, prepared at the ratio of 1:15 (g/g; of fruit for solution) at concentrations of 40 and 60°Brix. The ratio used aimed to keep unchanged concentrations during the experiments. Osmotic dehydration experiments were performed using a combination of concentrations of 40 and 60°Brix with temperatures of 40 and 70°C. These experimental conditions were selected because of existing studies, where the temperatures range from 25-70°C and concentrations range from 30-70°Brix. [3, 7, 11, 12] The monitoring of the kinetics of water quantity and sucrose quantity was conducted according to the methodology described by Silva et al. [21] Samples in triplicate were labeled n 0 ; n 1 ; . . . ; n 11 (representing the time when the samples were withdrawn from the solution). In addition to these samples, one sample was used in triplicate to verify the shrinkage each time, measuring the diameter and length of each repetition. In order to obtain expressions to describe shrinkage under all experimental conditions, data were turned into dimensionless values by using the following equations:
where R Ã and L Ã are the dimensionless values of the radius and length, respectively, at time t; R t and L t are the values (in meters) of the radius and length, respectively, at time t; R 0 and L 0 are the values (in meters) of the radius and length, respectively, at time t ¼ 0. Table 1 shows the calculated values for the equilibrium water quantity, equilibrium sucrose quantity, initial radius and the initial length for each experimental condition. To calculate in percentage the water quantity in the product at each time t, the following formula was used: Â 100 (17) where c t w is the percentage water quantity in the product at time t, m t 11 is the mass of the sample n 11 at time t, m 0 11 is the mass of the sample n 11 at time zero, ms t 11 is the dry mass of the sample n 11 at Table 1 . Osmotic dehydration temperature (T), concentration of the solution, equilibrium water quantity (c is the dry mass of the sample n 11 at time zero. To calculate the sucrose quantity incorporated (in percentage) at time t over the initial dry mass, the following formula was used: 
where c t s is the percentage sucrose quantity in the product at time t.
Results and discussion
The optimization process and simulation were carried out by considering grid with 30 × 20 control volume and 2000 time steps. These numbers were obtained after a study considering different configurations of grid and time steps. Radius and length variations have been described in relation to the quantities water and sucrose. For such, all dimensionless shrinkage data were analyzed by LABFit Software, [22] which provided the following fits:
where c t w represents the average water quantity at time t. Analogous fits were made considering the shrinkage data based on the quantity of sucrose. The following expressions were obtained:
where c t s is the average sucrose quantity incorporated at time t. Several expressions were tested for the effective water diffusivity depending on the local water quantity. Of all the expressions tested the one with the best statistical indicators was as follows:
Using Eq. (21) for the effective water diffusivity and the expression of Eq. (19) for shrinkage, the optimizations carried out produced the results shown in Table 2 . The results shown in Table 2 demonstrate that the modeling developed in the present work was suitable for describing variation of water quantity during osmotic dehydration. In all optimizations implemented, the value of the convective mass transfer coefficient (h) was very high, demonstrating that the most suitable boundary condition is that of the first kind. The works that consider the variable effective diffusivity in osmotic dehydration are but a few. Porciuncula et al. [11] used an exponential expression and a linear expression to represent the variation of effective water diffusivity in osmotic dehydration of banana. The exponential expression was found to be far more suitable. Both expressions were tested during the present work optimization processes, but they did not have the best statistical indicators. In the present study, 30 expressions were carefully tested. Furthermore, Porciuncula et al. [11] did not consider the possibility of shrinkage, but according to Silva et al., [14] to assume the variation of effective diffusivity without considering shrinkage can cause a far greater error than that incurred when considering the effective diffusivity constant. Figure 2 shows the fits for water quantity under four experimental conditions. As the statistical indicators in Table 2 had already exhibited, the fit shown in Fig. 2 suggest that the modeling developed to describe variation of water quantity during the osmotic dehydration process was acceptable. As shown in Fig. 2d , one can see that in middle of the process time, equilibrium value is already reached. This shows that under the experimental conditions of 60°Brix and 70°C, the processing time for water loss can be minimized, getting closer to 900 min. Figure 2 still shows that the temperature and the concentration of the solution have influenced the equilibrium water quantity. However, temperature has influenced more significantly than concentration. Such impacts have been further considered in other works on osmotic dehydration. Atares et al., [12] when investigating the impact of solution concentration and temperature on the final quality of the banana, concluded that both concentration and temperature had no significant effect on the equilibrium value of mass loss. However, the equilibrium values were obtained by these authors with Peleg equation, since the experiments extended for only 4 h. Mercali et al. [23] identified the influence of temperature, sucrose concentration and NaCl concentration on the equilibrium moisture content during osmotic dehydration of bananas. However, as evidenced by Atares et al., [12] the equilibrium moisture content was obtained with Peleg equation. Moreover, the experiments were conducted for only 10 h. As the equilibrium values shown in Fig. 2 were obtained experimentally, these results may be considered more appropriate. Figure 3a depicts the strong influence of temperature and concentration on the whole process. This was also observed in the following works: Fernandes and Rodrigues, [5] Singh et al., [24] and Abraão et al. [25] Singh et al. [24] observed the important influence exerted by temperature and immersion time on the water loss; however, according to the authors, the effect of osmotic solution concentration was not significant in relation to water loss.
Similar to the present work, Fernandes and Rodrigues [5] have observed the influence of both temperature and concentration on the water loss in osmotic dehydration experiments in ternary solutions. However, the NaCl concentration was far more influential than temperature. Finally, also in Fig. 3a , one notices that after about 1000 min, the equilibrium is nearly reached in all experimental conditions. This information is useful to decide when is the best time to remove the product from within the binary solution.
As can be seen in Fig. 3c , the effective water diffusivity goes up as the local water quantity increases. Moreover, conversely, it is observed that as the product loses water during the process, the effective diffusivity decreases. This is due to the fact that the water present in the product is more concentrated in the lower layer; as a result, the resistance to such water is conveyed to the upper layers becomes larger. It should also be noted that in an osmotic dehydration process there occurs the incorporation of solids, which may contribute to the increased resistance to water loss. This fact has also been observed by Singh et al. [24] Still, Fig. 3c is observed at a concentration of 60°Brix and the increase in temperature caused led to the increase effective diffusivity and at temperatures of 40 to 70°C the increase in the concentration also led to the increased effective diffusivity. One can also see that effective diffusivity increases with an increase in temperature (at a concentration of 60°Brix) and in concentration (at temperatures of 40 and 70°C). Using the same grid and the same number of time steps used in water quantity optimizations and the expressions of Eq. (20) , optimizations were performed to improve sucrose quantity. The best expression found for the effective sucrose diffusivity was as follows:
where D s is the effective sucrose diffusivity, and c t s represents the local sucrose quantity at time t. The optimization results are shown in Table 2 . Silva et al. [21] performed osmotic dehydration experiments on guava immersed in binary solutions (water and sucrose), and the mathematical modeling developed included a variation of diffusivities. Among several tested expressions, the one with the best statistical indicators for the effective sucrose diffusivity was a variation of the expression found in this study. It can also be said that in both studies effective sucrose diffusivity presented similar behavior. Further studies should be conducted to determine which would be the best expression to describe the effective sucrose diffusivity; whether the expression should be related to the product or to the experiment. As in the case of water quantity, the statistical indicators presented indicate a good description of the process gain sucrose. Figure 2 shows the fits for the sucrose quantity under all four experimental conditions. As it occurred regarding the variation of water quantity as shown in Fig. 3b , one can see that at about half of processing time, equilibrium is reached. Therefore, under the experimental conditions of 60°Brix and 70°C, the processing time for sucrose gain can be shorter, close to 900 min. In order to analyze the influence of temperature and concentration on sucrose quantity, in Fig. 2b the kinetics for the four experimental conditions have been arranged. As it happened to water quantity, both the temperature and the concentration had an impact on the sucrose quantity. However, temperature has had an influence slightly higher than the concentration in all cases studied. These results were also obtained by other authors: Singh et al., [26] Mundada et al., [27] Uribe et al., [28] Arballo et al., [29] and Abraão et al. [25] Finally, still on Fig. 2b , one has observed that after about 800-1000 min the equilibrium is reached for practically all experimental conditions. In order to verify the behavior of the water and the sucrose quantity on the product, Figs. 4 and 5 illustrate the distributions of the water and sucrose quantities on circular surfaces (from the center of the cylinder to the top). This analysis was made in view of the experimental conditions of 40°Brix and 70°C. These distributions refer to the circular surfaces of the cylinder center, of the top and in the surface located to 1/4 of the center in time t = 180 min, t = 450 min, and t = 900 min.
As expected (and indicated in Fig. 4) , the water loss occurs from the middle to the top of the cylinder; consequently, the central surface of the cylinder holds greater water quantity along the three times studied. This is due to the fact that the surface in contact with the external environment loses water at a much faster rate. As the values obtained for h had already revealed, the top of the cylinder is already in equilibrium with the environment after 180 min from the beginning of the process. However, after 900 min the cylinder center has not yet reached its equilibrium.
Conversely to what occurred in the water loss, the sucrose gain developed from the surface to the center (Fig. 5) ; as result the central surface has the least sucrose quantity along the three times being studied. Due to boundary condition, the top of the cylinder is already in equilibrium with the environment after 180 min from the beginning of the process. However, after 900 min the center of the cylinder has not yet reached equilibrium.
Conclusion
The model developed in the present study proved to be most appropriated to describe the variation of water quantity and sucrose quantity in the banana osmotic dehydration process. The temperature and solution concentration had an impact on the water quantity and on the sucrose quantity. However, temperature has had an influence slightly higher on water quantity and sucrose quantity than the concentration. In all experimental conditions, h leans toward infinity. This clearly indicates a boundary condition of the first kind. However, such a far more general modeling can be applied to studies on osmotic dehydration of other products, which can present surface resistance to mass transfer. During the water loss, it has been observed that after about 1000 min the equilibrium was reached in all experimental conditions. Since the gain of sucrose, it was observed that after about 800-1000 min equilibrium is reached for practically all experimental conditions. Nomenclature A p ; A w ; A e ; A n ; A s Coefficients of the discretized diffusion equation a, b
Fitting parameters c t w
Local water quantity at the instant t (g/100 g) c t s
Local sucrose quantity at the instant t (g/100 g) c 
